In this paper, results obtained by the numerical investigation on laminar mixed convection in triangular ducts, filled with nanofluids, are presented in order to evaluate the fluid dynamic and thermal features of the considered geometry by considering Al 2 O 3 /water based nanofluids. The system is heated by a constant and uniform heat flux also along the perimeter of the triangular duct section in H2 mode as thermal boundary condition and the single-phase model has been assigned for a Reynolds number value equal to 100. Results are given for different nanoparticle volume concentrations and Richardson number values ranging from 0% to 5% and from 0 to 5, respectively. Results, presented for the fully developed regime flow, show the enhancement of average convective heat transfer coefficients values for increasing values of Richardson number and particle fractions. However, wall shear stress and required pumping power profiles increase as expected. The PEC analysis showed that the use of nanofluids in mixed convection seems slightly convenient. It should be underlined that, at the moment, experimental data are not available to compare the numerical proposed model for mixed convection in horizontal triangular ducts with nanofluids.
Introduction
Every heat exchanger is virtually a potential candidate to be "enhanced" by means of the available heat transfer enhancement technologies. The goal could consist of size reductions, thermodynamic process efficiency improvement, or cost savings of the designed thermal equipment. Thus, great attention to these issues is paid by the research and industrial fields. The use of the heat transfer enhancement techniques is widely diffused in many applications such as heat exchangers for refrigeration, automotive, aeronautic, and electronic applications, process industry, and solar receiver [1] . Heat exchangers can adopt several solutions and arrangements, featured by differently shaped ducts. Aside from circular ducts, channels having square, rhombic, rectangular, triangular, sinusoidal, and elliptical cross-sections, even with truncated corners or special surfaces, could be employed [2] [3] [4] [5] [6] [7] [8] [9] . In particular, the study about triangular sectioned ducts has been widely performed because of their employment in the field of compact heat exchangers [10] . In fact, triangular ducts ensure compactness cost effectiveness by means of low fabrication costs, relatively easy construction, and mechanical strength [11, 12] . Forced convection was predominantly investigated both in laminar flow [13] [14] [15] and in turbulent one [16] [17] [18] [19] . Furthermore, literature covers different fluids, like gas, liquid, non-Newtonian fluids, and, recently, nanofluids [14, 20, 21 ]. An experimental approach [4, 17] or analytical [22] and numerical methods [21, 23, 24] have been adopted. Shah and London [25] performed a huge and exhaustive review about theoretical and experimental analyses on laminar forced convection and heat transfer in noncircular ducts. In particular, their book reported the dynamic and thermal features of different triangular ducts, like equilateral, isosceles, and right triangular ones both in fully developed and in developing flow conditions. For the fully developed flow conditions, they provided Nusselt number values equal to 2.47, 3.111, and 1.892 according to , 1 , and 2 boundary conditions, respectively. Aggarwala and Gangal [26] analyzed the behaviour of developing laminar flow in equilateral and right isosceles triangular ducts. Yilmaz and Cihan [27] studied the laminar developed flow in ducts having triangular passages, heated at constant temperature, and presented general equations for heat transfer calculations also for circular, rectangular, elliptical, and parallel plate configurations. The influence of axial conduction on heat transfer was described in [28] and the study was accomplished by means of the Galerkin-based integral method.
Literature is less extended on the mixed or natural convection side in triangular ducts [13, 21, 30] . Ali and AlAnsary [30] performed analyses on natural convection and they calculated the modified Rayleigh number values, corresponding with the transition from laminar to turbulent flow. The laminar mixed convection in horizontal triangular ducts with different apex angles was handled by Talukdar and Shah [13] . They indicated increasing Nusselt number values for increasing Rayleigh numbers and they underlined this behaviour for the duct bottom walls. A numerical investigation on nanofluid mixed convection in equilateral triangular ducts was, recently, presented by Manca et al. [21] . Walls were heated at constant temperature and Al 2 O 3 /water based nanofluids were considered. The improvement in terms of convective heat transfer coefficients, linked to the particle concentration and Richardson number, was accompanied by increasing values of wall shear stress.
The use of nanofluid could be encountered in the passive techniques, employing additives in fluids in order to enhance heat transfer as pointed out by Bergles [31] . Nanofluids are made up by a base fluid and suspended nanosize particles with a diameter smaller than 100 nm [32] . As a result, the thermal conductivity tends to increase according to the particle concentration. Topics related to nanofluids have become very popular to the research groups because of the possibility to improve the performances of heat exchangers or cooling devices, as reviewed recently in [33] [34] [35] [36] [37] [38] . Some investigations reported promising results on heat transfer enhancement also in the case of low nanoparticle concentrations [39] , although pumping power could increase dramatically, as underlined in [40] . However, a critical discussion about the results obtained by means of numerical and experimental approaches and processes, adopted by different research groups, has arisen [41] [42] [43] [44] .
This paper is concerned with the study on laminar mixed convection in triangular horizontal ducts by adopting nanofluids. One of the first papers on forced convection in equilateral triangular ducts in Al 2 O 3 /water nanofluids was carried out by Heris et al. [45] numerically. The walls were at constant wall temperature condition and the effects of nanoparticles diameter, concentration, and Reynolds number on the enhancement of nanofluids heat transfer were studied. The presented results indicated that Nusselt number increased decreasing the nanoparticle size and the nanoparticle concentration. A numerical investigation on mixed convective nanofluids flow and heat transfer in an isosceles triangular duct, with constant wall temperatures, was accomplished in [46] . Pure water and four different types of nanofluids (Ag, Au, eu, diamond, and SiO 2 ) with volume fractions range from 1% to 5% were considered. Rayleigh number was in the range 1 × 10 4 -1 × 10 6 and Reynolds number ranges between 100 and 1000. The results revealed that the Nusselt number increases as Rayleigh number increases due to the buoyancy force effect. It was found that SiO 2 nanofluid presents the highest Nusselt number while Au nanofluid has the lowest Nusselt number. Moreover, an increasing of the duct apex angle decreases the Nusselt number value. The pressure drop increases as Reynolds number increases and apex angle decreases. An experimental investigation on the heat transfer of an equilateral triangular duct by employing the CuO/water nanofluid in a laminar flow and under constant heat flux condition was presented in [47] . Results showed that the experimental heat transfer coefficient of the CuO/water nanofluid is more than that of distilled water. Moreover, the measured heat transfer coefficient of a CuO/water nanofluid was greater than the theoretical one. The heat transfer enhancement of the equilateral triangular duct increased with the nanofluid volume concentration as well as the Peclet number. An investigation on laminar mixed convection in a Al 2 O 3 /water nanofluid, flowing in a triangular cross-sectioned duct, was numerically performed in [21] . The duct walls were at uniform temperature and the single-phase model was assumed. A fluid flow with different values of Richardson number and nanoparticle volume fractions was considered. Results showed the increase of average convective heat transfer coefficient and Nusselt number for increasing values of Richardson number and particle concentration. However, also wall shear stress and required pumping power profiles grow significantly. An experimental study to determine the pressure drop and performance characteristics of Al 2 O 3 /water and CuO/water nanofluids in a triangular duct under constant heat flux where the flow was laminar was performed in [48] . The results showed that, at a specified Reynolds number, using the nanofluids can lead to an increase in the pressure drop by 35%. It was also found that, with increases in the Reynolds number, the rate of increase in the friction factor with the volume fraction of nanoparticles is reduced. Moreover, a performance index (heat transfer referred to pressure drop) showed that the use of Al 2 O 3 /water nanofluid with volume fractions of 1.5% and 2% was not helpful in the triangular duct. It was also concluded that, at the same volume fraction of nanoparticles, using Al 2 O 3 nanoparticles is more beneficial than CuO nanoparticles based on the performance index. This paper experimentally investigates the heat transfer of an equilateral triangular duct by employing an Al 2 O 3 /water nanofluid in laminar flow and under constant heat flux conditions was experimentally investigated in [49] . The Nusselt numbers were estimated for different nanoparticle concentrations at various Peclet numbers. The results showed that the experimental heat transfer coefficient of Al 2 O 3 /water nanofluid was higher than that of distillated water. Also, in this case, the experimental heat transfer coefficient of Al 2 O 3 /water nanofluid is higher Advances in Mechanical Engineering than the theoretical one. The results pointed out that the heat transfer enhancement increases with increases in the nanofluid volume concentration and Peclet number.
The review of the literature shows that there is no study on laminar mixed convection in equilateral triangular ducts in nanofluids, with the wall at uniform heat flux.
In this paper, results obtained by the numerical investigation on laminar mixed convection in triangular ducts, filled with nanofluids, are presented in order to evaluate the fluid dynamic and thermal features of the considered geometry by considering Al 2 O 3 /water based nanofluids. The system is heated by a constant and uniform heat flux also along the perimeter of the triangular duct section (H2 mode, thermal boundary condition) and the single-phase model has been assigned for a Reynolds number value equal to 100. Results are given for different nanoparticle volume concentrations and Richardson number values ranging from 0% to 5% and 0 to 5, respectively.
Geometrical Configuration and Governing Equations
A duct with an equilateral triangular cross-section, triangular duct, is investigated and the geometrical configuration is shown in Figure 1 . The triangular duct with the length , equal to 2.00 m, is heated on the walls at a constant and uniform heat flux also along the perimeter of the triangular duct section (H2 mode, thermal boundary condition). The channel edge length, , is 0.0170 m and the hydraulic diameter, defined by ℎ = 4 / ℎ , is equal to 0.0100 m. The working fluid is a nanofluid which is composed of water and Al 2 O 3 nanoparticles. The flow in the duct is assumed to be three-dimensional, steady-state, laminar, and incompressible with negligible viscous dissipation. Thermophysical properties of the nanofluid are considered constant with temperature, except for the dependence of density on the temperature, Boussinesq approximation, which determines the buoyancy force. The singlephase model is assumed and the governing equations under the aforementioned assumptions are in a Cartesian rectangular coordinate system [21, 50] :
,
] .
(1)
At the end of the duct, a fully developed flow is considered; the following boundary conditions are assumed:
(i) inlet section: uniform velocity and temperature profile;
(ii) outlet section: outflow condition with velocity components and temperature derivatives equal to zero;
(iii) duct walls: velocity components equal to zero and assigned uniform and constant heat flux.
The considered dimensionless characteristic numbers are the Reynolds number, the Grashof number, the Richardson number, the Nusselt number, and the friction factor for the data reduction. They are expressed by the following relations:
where is the average inlet velocity,̇is the heat flux, and and represent the wall and the bulk fluid temperatures, respectively. 
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Thermophysical Properties of Nanofluids
The considered working fluid was pure water or Al 2 O 3 /water based nanofluids with a particle diameter of 30 nm. The single-phase model approach was adopted in order to describe the nanofluid behavior because small temperature differences and small particle volume fractions were considered. In Table 1 , the values of density, specific heat, dynamic viscosity, and thermal conductivity, given by Rohsenow et al. [51] , are reported for water and Al 2 O 3 particles at the reference temperature of 293 K. Nanofluids are featured by volume concentrations, equal to 1%, 2%, 3%, 4%, and 5%, which influence the properties of the working fluid. Thus, the thermophysical properties must be evaluated by employing equations, available in literature [21, [52] [53] [54] [55] [56] . They are reported in Table 2 and they are constant with temperature. The reference temperature at which thermal properties were evaluated was equal to 293 K. Density was evaluated by using the classical formula valid for conventional solid-liquid mixtures while the specific heat values and thermal expansion coefficient ones were calculated by assuming the thermal equilibrium between nanoparticles and surrounding fluid [21, [52] [53] [54] . The thermal expansion coefficient values were evaluated by adopting the relation given in [26] for different volume particle concentrations:
Density:
Thermal expansion coefficient:
Viscosity and thermal conductivity were evaluated by means of the equations, given by [56] , which were adopted because they are expressed as a function of particle volume concentration and diameter:
Dynamic viscosity: 
Numerical Model
The governing equation (1) with the assumed boundary conditions was solved by means of Fluent code [57] . A segregated method was chosen to solve the stationary equations and a second-order upwind scheme was employed for energy and momentum equations. Pressure and velocity were coupled by using SIMPLE coupling scheme. Simulations were considered converged by assuming the convergence criteria of 10 −4 and 10 −5 and 10 −8 for the residuals of continuity, velocity components, and energy, respectively. At the inlet section, flow was considered laminar, with a velocity corresponding to Reynolds number equal to 100, at a temperature of 293 K and ambient pressure conditions. The no-slip condition was applied on the channels walls, which were heated by a uniform and constant heat flux. Different values of Grashof number, ranging from 0 to 50000, were considered.
The grid-independence analysis has been performed by testing four different mesh distributions. Pure water, flowing at Re = 100, was assumed as working fluid. The considered grid configurations had 152190, 302778, 563104, and 1146232 nodes, respectively. The third grid was adopted in order to run the simulations because it leads to a good compromise between the computational time and the accuracy requirements. In fact, the comparison with the fourth configuration for pure water shows differences of 0.74% and 0.32% at most in terms of average Nusselt number and pressure coefficient. Validation has been accomplished by comparing the results at Re = 100 and Ri = 0 with literature data for 1 boundary conditions, thermal boundary condition referring to constant axial wall heat flux with constant peripheral wall temperature [25] . In particular, the comparison in terms of local and average Nusselt number has been accomplished by considering data obtained by Wilbulswas [29] and also reported in [25] . Data are presented as a function of the axial coordinate for the thermal entrance region, * , defined as * = /( ℎ Re). Furthermore, the validation in terms of friction factor has been performed by comparing data from Fleming and Sparrow [58] , Miller and Han [59] , and Aggarwala and Gangal [26] , also reported in [25] , with the obtained results for fully developed laminar flow in forced convection. Data reduction has been performed by considering the axial coordinate for the hydrodynamic entrance region, such as + parameter, defined by * = /( ℎ Pe). Figure 2 shows these comparisons and it is clear that the present numerical results are in good agreement with the literature data. In particular, a maximum difference of 3% is observed for local and average Nusselt number at most, as shown in Figure 2(a) , while a maximum error of 1% is evaluated in terms of friction factor, as reported in Figure 2 (b).
Results and Discussion
Results of the numerical simulation are presented and discussed. They are carried out for a Reynolds number, Re, value equal to 100, Richardson number, Ri, ranging from 0.0 to 5.0, and the nanoparticle volume fractions, , in the 0%-5.0% range.
Results are reported in terms of average convective heat transfer coefficient, average Nusselt number, wall shear stress, required pumping power profiles, and temperature and velocity distributions at particular channel sections.
The average convective heat transfer coefficient profiles as a function of Ri number values for different nanoparticle volume fractions are shown in Figure 3(a) . It is observed that the heat transfer coefficient increases as the effects of buoyancy tend to become more intense for higher Ri numbers. Furthermore, a very sharp increase in profiles is noted at small values of Ri number. In the case of pure water, such as at = 0%, ℎ avg is equal to about 114, 142, 184, 203, 222, 233, and 245 W/m 2 K for Ri = 0, 0.1, 0.5, 1, 2, 3, and 5, respectively. When nanofluids replace pure water as working fluids, it is still important to pay attention to the buoyancy effects in order to evaluate the thermal performances of the duct. Moreover, nanoparticle concentrations change the thermophysical properties of working fluids and improve the thermal conductivity. As a result, the average heat transfer coefficients increase. In fact, ℎ avg is equal to about 120, 148, 191, 212, 231, 242, and 256 W/m 2 K at = 1% while at = 5% ℎ avg is equal to about 128, 165, 212, 233, 254, 266, and 279 W/m 2 K for Ri = 0, 0.1, 0.5, 1, 2, 3, and 5, respectively. Figure 3(b) compares the enhancement in terms of convective heat transfer with the configurations considering pure water for Ri = 0. The highest enhancement is obviously evaluated for = 5% and heat transfer coefficient values are 1.44, 2.03, 2.21, and 2.43 times greater than the ones obtained for the reference case, for Ri = 0.1, 1, 2, and 5, respectively. However, an average increase of 16% is calculated comparing results obtained for = 5% with ones evaluated for = 0%, at a fixed Ri number value.
The average Nusselt profiles, as a function of Ri, for different values of nanoparticle volume concentrations are depicted in Figure 4 (a). For fully developed laminar flow in forced convection, such as at Ri = 0, Nusselt number is equal to 1.9 for triangular ducts under the hypothesis of 2 boundary conditions, applied on the duct walls. As observed for the convective heat transfer profiles, average Nusselt number tends to increase in the test section for increasing Ri number values. Moreover, nanoparticle fraction growth leads to a slight increase of Nu avg values. In fact, for Ri = 1, Nu avg is equal to 3.37, 3.41, 3.42, 3.44, 3.46, and 3.51 at = 0%, 1%, 2%, 3%, 4%, and 5%. The enhancement in terms of average Nusselt number is presented in Figure 4 (b); it is clear that the increase of Nusselt number, compared to the value calculated for the forced convection in pure water, is less significant if compared with the profiles evaluated for the convective heat transfer coefficients because the nanofluid thermal conductivity increases according to the particle concentration. In fact, for equal to 1% and 5%, the average Nusselt number is 2.14 and 2.20 times the values detected for Ri = 0 in pure water. Values of 1% and % 4% higher than the cases with pure water on average at a fixed value of Ri were calculated. Heat transfer mechanisms in ducts, having triangular shaped cross-sections, in the case of laminar mixed convection are obviously linked to the effects of buoyancy. In fact, different behaviours are detected for the inclined heated walls and the bottom one, respectively. On the other hand, for Ri = 0, no differences are evaluated if the three walls are compared but when buoyancy is taken into account, for example, heat transfer coefficients are higher for the bottom wall, according to Ri number. Figure 5 helps to describe these behaviours. The convective heat transfer profiles for the bottom wall are reported in Figure 5 Figure 5(b) . In fact, at Ri = 1, ℎ avg is equal to 140, 147, 150, 154, 158, and 162 W/m 2 K for = 0%, 1%, 2%, 3%, 4%, and 5%, respectively, while for Ri = 5 ℎ avg is equal to about 160, 168, 172, 176, 180, and 184 W/m 2 K. Furthermore, for Ri = 0.1, buoyancy determines negative effects on the heat transfer mechanism if results are compared with ones obtained in the case of forced convection. In fact, minimum values of 109, 118, 121, 123, 124, and 126 W/m 2 K are detected for = 0%, 1%, 2%, 3%, 4%, and 5%, respectively.
The employment of nanofluids leads generally to an increase of wall shear stress and pumping power in order to provide the described heat transfer enhancement in comparison with pure fluids. Figure 6 shows the wall shear stress profiles in order to underline the disadvantages of nanofluid employment. The average wall shear stress profiles as a function of Ri are reported in Figure 6 ; they increase as the buoyancy effects become more important and the highest values are evaluated at Ri = 5. The increase of nanoparticle concentration leads to a significant increase in terms of wall shear stress: the highest values are evaluated for = 5%. The comparison with the wall shear stress values, calculated for pure water at Ri = 0, is reported in Figure 6 (b). It is shown that wall shear stress ratio is equal to about 2.70, 2.73, 2.76, 2.82, and 3.09 at = 5% for Ri = 0, 0.5, 1, 2, and 5. For lower nanoparticle concentrations, wall shear stress ratio tends to decrease and, for example, it is equal to about 1.15, 1.17, 1.19, 1.23, and 1.38 for = 1% and Ri = 0, 0.5, 1, 2, and 5, respectively. Wall shear stress profiles change if the inclined walls are compared with the bottom one. In fact, wall 1 shows higher average wall shear stress values than the ones obtained for wall 2 and wall 3, as depicted by Figure 7 . Furthermore, Figure 7 (a) reports increasing profiles as Ri number values grow. Increasing particle concentrations lead to increasing values of wall shear stress. Wall 2 and wall 3 are featured by substantially constant values of wall shear stress, as observed in Figure 7(b) . Figure 8 shows the dimensionless temperature distributions for two values of Ri number, such as 1 and 3, in correspondence with the vertical symmetry axis at / ℎ = 125 and 150. The dimensionless temperature is defined by * = ( − )/(̇ℎ/ ); the maximum values are evaluated at /ℎ equal to about 0.87 and negative values are evaluated near the walls, which are featured by higher temperature values than the fluid ones. Figure 9 describes the fully developed flow regime in terms of velocity profiles in correspondence with the vertical symmetry axis of the duct at two sections, / ℎ = 125 and 150, for Ri = 1 and 3. Profiles of / max substantially overlap each other for different values of particle concentration values and Richardson number. The maximum velocity is evaluated at /ℎ equal to about 0.72 for all the considered values of and Ri.
The required pumping power profiles are reported in Figure 10 (a). Pumping power is defined as PP =̇Δ . It is shown that profiles are slightly dependent on Ri number but a clear influence of particle concentrations on results is observed. In fact, the pressure drop, Δ , is strongly related to the shear stress and the increase in volumetric concentration determines a significant pumping power increase, as indicated in Figure 10(a) . Results, compared to the water cases at Ri = 0, are presented in Figure 10 (b) where the pumping power ratio is reported. It is equal to about 1.22, 1.55, 2.05, 2.83, and 4.16, at Ri = 0 and 1.26, 1.59, 2.10, 2.90, and 4.25, at Ri = 5, for = 1%, 2%, 3%, 4%, and 5%, respectively. The values confirm that the pumping power has a slight dependence on Richardson number.
The advantage in the use of nanofluids can be suggested by employing the performance evaluation criterion (PEC). It can be defined as in [60] :
with as the heat transfer rate exchanged between the wall of the duct and the working fluid and as PP the pumping power to move the working fluid inside the duct. However, for assigned wall heat flux thermal boundary conditions, (10) provides always a PEC value less than 1 because the heat transfer rate is constant for all and Ri values whereas PP increases, significantly, with . In this case, the PEC should be defined as in [1] :
Advances in Mechanical Engineering The ratio / is about 1 [21] and the PEC is about equal to the ratio Nu /Nu . As a consequence, it results that the use of nanofluids in mixed convection seems slightly convenient as is shown in Figure 4 (b). It is noted that the maximum increase is obtained for = 5% and the corresponding percentage increase, referred to the value for base fluid, is not greater than 5%.
The average Nusselt number is correlated with the Richardson number and particle volume concentration. Two equations are given for = 0%, for Ri numbers ranging from 0 to 5, and = 1%, 2%, 3%, 4%, and 5%, for Ri in the range 0.1-5, respectively. Least-squares curve fittings of the obtained numerical data have the following correlation forms:
In particular, correlations have a 1.5% and 1.62% estimated standard deviation, respectively. The following equations are proposed:
Nu avg = 1.88 + 1.423Ri 0.3097 , Nu avg = 3.5726Ri 0.1381 0.0146 .
The regression coefficient, 2 , of (13) is equal to 0.9936 and 0.9927 and correlations are plotted in Figures 11(a) and 11(b) .
Conclusions
Results about the numerical analysis on laminar mixed convection with nanofluids flowing in triangular cross-sectioned ducts are presented in this paper. Walls are heated at uniform and constant heat flux, depending on Richardson number and Al 2 O 3 /water based nanofluids at volume concentrations equal to 0%, 1%, 2%, 3%, 4%, and 5% were considered. Reynolds number was set to 100 while Richardson numbers ranged from 0 to 5. The single-phase model was adopted in order to describe the behaviour of nanofluids as working fluids and thermophysical properties were evaluated by means of equations, available in literature.
The simulations result showed the increase of the convective heat transfer coefficients, in particular, for high concentration of nanoparticles and for increasing values of Richardson number. The highest enhancement is evaluated for = 5% with the average convective heat transfer coefficient values equal to 1.44, 2.03, 2.21, and 2.43 times greater than the ones obtained for the reference case, at Ri = 0.1, 1, 2, and 5, respectively. However, the disadvantages are represented by the growth of the wall shear stress and the required pumping power, observed in particular at high particle concentrations. The pumping power ratio, referred to the pure water cases in forced convection, is equal to 1.26, 1.59, 2.10, 2.90, and 4.25 for = 1%, 2%, 3%, 4%, and 5% at most, respectively. It should be underlined that, at moment, experimental data are not available to compare the numerical proposed model for mixed convection in horizontal triangular ducts with nanofluids. It is important to have in the future some experimental investigation related to the mixed convection in horizontal triangular ducts with nanofluids in order to 
